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A numer i ca l  solution of an inverse  p rob lem in heat  conduction theory  is obtained using a g r a -  
dient method based  on the d i sc re t e  Pont ryag in  maximum pr inciple .  

In many invest igat ions in exper imenta l  t he rmophys ic s  the need a r i s e s  to solve the so -ca l l ed  inverse  
heat  conduction p rob lem (IHCP). For  example ,  to de te rmine  the heat  t r a n s f e r  coefficient  
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where  ~ c  is the heat  flux; 0 c is the t e m p e r a t u r e  of the inner wall  surface;  tf  is the mean  c a l o r i m e t r i c  fluid 
t e m p e r a t u r e .  Di rec t  m e a s u r e m e n t  of ~c  and 0 c is difficult in the major i ty  of c a s e s ,  while it is easy  to 
m e a s u r e  the t e m p e r a t u r e  of the outer  sur face  0 ,  of the channel wall  and the heat  flux ~, .  The re fo re ,  the 
p rob lem is to de te rmine  0 c and r by solving the heat  conduction equation (for s impl ic i ty  we shall  r e s t r i c t  
cons idera t ion  to an infinite plate of th ickness  l) 

00 a~o 
a "r Ox ~ 

with the known boundary eonditions 

, O ~ x . . < l ;  O ~ x . < T  (1) 

0 !x=o = 6,  (~), (2a) 

OOx6 ~0 = r (x). (2b) 

However ,  the p rob lem is i nco r rec t  in this  formulat ion,  and it is known that cons iderable  diff icult ies a r i s e  
in solving it. Moreover ,  d i rec t  m e a s u r e m e n t  of t e m p e r a t u r e s  and heat fluxes on the outer  plate sur face  
r equ i re  a ce r t a in  t ime ,  during which the plate  acquires  (or gives up) heat  f rom inside,  without apprec iable  
change of the t e m p e r a t u r e  at a point on the outer  su r face .  Since the t e m p e r a t u r e  at such a point is a func-  
t ion of the total  heat  flux, which va r i e s  with t ime,  the initial inde terminacy  does not allow a unique solu-  
t ion of the IHCP f rom the empi r i ca l ly  obtained t e m p e r a t u r e  va lues ,  using methods of solution which d e t e r -  
mine the unknown quanti t ies ~c, 0c at each ambient  t ime  instant.  

Several  approaches  to solution of an IHCP a re  known in the l i t e r a tu re .  Operat ional  methods a r e  
used in [1-3]. In [4-6] a solution is found in s e r i e s  fo rm,  the coeff icients  depending on t ime ,  and d e t e r -  
mined in t e r m s  of the n -de r iva t i ve s  of the measu red  t e m p e r a t u r e  0. (1-) and the heat  flux ~.(~-), i . e . ,  in-  
finite di f ferent iabi l i ty  o f theboundarycond i t ions  is a ssumed.  However ,  it is known that if 0,(T) and ~ ,  (T) 
have been de te rmined  exper imenta l ly ,  it is not poss ib le  to de te rmine  the higher de r iva t ives  accura te ly ,  a 
fact  which has an apprec iab le  bear ing  on the p rac t i ca l  value of the solution obtained [4-6]. F rank  [7] uses  
a method of l eas t  squa re s  to solve an IHCP. A defect  of the method is the need to r e p r e s e n t  the heat 

flux in the fo rm ~ c ----- ~ a~ T n ,  and also the diff icult ies  involved in solving (by the l e a s t - s q u a r e s  method) 
n=0 

an over -def ined  l inear  s y s t em  of high o rde r  re la t ive  to an. Refe rence  [8] uses  the Tikhonov r e g u l a r i z a -  
tion method to solve an IHCP. 
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In o r d e r  to b r i n g  out  the  d i f f i c u l t i e s  in so lv ing  an IHCP,  we s h a l l  use  an i t e r a t i v e  method  of so lu t ion .  
We s h a l l  c o n s i d e r  a f i n i t e - d i f f e r e n c e  a p p r o x i m a t i o n  of Eqs .  (2b) and (1): 

30~+a~ - -  an~+a~ m n~+A~ = 0, (3) 

n+l - -  B On "1- "n-I = - -  F~, n = 1, 2 . . . . .  N = 1, (4) 

w h e r e  B = 2 + ( ~ 2 / A ' r a ) ;  F n  T = (Ax2/Zx'ra)OT. We note  t h a t ,  a l though  the  s y s t e m  of  equa t i ons  (3) and (4) i s  
u n f a c t o r i z e d ,  it  i s  e a s y  to g e n e r a l i z e  the i t e r a t i v e  m e t h o d  of so lu t ion ,  a s  fo l lows .  

S t r a i g h t - l i n e  s t e p s :  

B F * 1 . 
[~1 = 2 - -  ~ ; z,  = ; [~+1 - -  B - -  [~n zn+a = [~+1 (zn ~ Fn~), (5)  

w h e r e  3n,  Zn a r e  s t e p  c o e f f i c i e n t s ,  c o r r e s p o n d i n g  to  the  p r o b l e m  wi th  b o u n d a r y  cond i t i on  (2b). Wi th  
b o u n d a r y  c o n d i t i o n  (2a) and  t a k i n g  in to  accoun t  Eq.  (4), we have  

1 
~ ; = 0 ;  z l = O ~ , + a ' ;  [ ~ + l  = B - - ~  ; z " + l = [ ~ : + l ( z ~ + F ~ ) "  

The r e l a t i o n s  f o r  r e v e r s e  s t e p s  a r e :  

OX+A~ _ ' x+~ ' - ~.+~ 0.+~ + z.+~; (6a )  

- [ ~ + ~ + l  "v-zn+~. (6b) 

T h e r e f o r e ,  to d e t e r m i n e  the  t e m p e r a t u r e  wi th  x = l ,  the  m a t t e r  r e d u c e s  to  s o l u t i o n o f  the  s y s t e m  of two 
i equa t i ons  (6a),  (6b) wi th  n = N - l ,  whose  d e t e r m i n a n t  i s  A = f i n  - f i N .  It is  e a s y  to  s e e  tha t  the  v a l u e  of 

fin t e n d s  to the  l i m i t i n g  va lue /3  = (B - ~ - 4 ) / 2  a s  n i n c r e a s e s ,  i nde pe nde n t l y  of the  i n i t i a l  a p p r o x i m a -  
! 

t i on  [fll = 2 - (B/2) o r  fi~ = 01. S ince  fiN - f in  ~ 0 a s  N ~ ~o the a c c u r a c y  in f ind ing  O N f r o m  Eqs .  (6a) and 
(6b) d e c r e a s e s  wi th  i n c r e a s e  of N. The me thod  s u g g e s t e d  in the  p r e s e n t  p a p e r  for  so lu t i on  of the  IHCP is  
the  P o n t r y a g i n  d i s c r e t e  m a x i m u m  p r i n c i p l e  [9], and an e x a m p l e  of  s o l u t i o n  by  th i s  me thod  is  g iven .  

In o r d e r  to u se  me thods  f r o m  the  t h e o r y  of o p t i m u m  c on t ro l  to  s o l v e  the  IHCP,  we s h a l l  f o r m u l a t e  
the  p r o b l e m  in an equ iva l en t  v a r i a t i o n a l  f o r m .  To do t h i s ,  we c o n s i d e r  0c(/,  r) = 0N(T ) a s  a c o n t r o l  func -  
t i on  of a p r o c e s s  d e s c r i b e d  by  the  hea t  conduc t ion  equa t ion  wi th  b o u n d a r y  cond i t ion  Eq. (2) (for s i m p l i c i t y  
we  s h a l l  put  i f ,  = 0 be low) ,  and s h a l l  d e t e r m i n e  0N(~ ) f r o m  the cond i t ion  tha t  the  func t iona l  

T 

f M [o (o,~)-- O, (,)]'d ~ 
0 

(7) 

shou ld  be  a m i n i m u m ,  o r  in f i n i t e - d i f f e r e n c e  f o r m :  

i~+a~ i ~ M A~ 
= + T (~  ~ (8) 

w h e r e  M is  a we igh t ing  coe f f i c i en t .  H e r e  it i s  a s s u m e d  tha t  the c o n t r o l  func t ion  0N(T ) b e l o n g s  to  s o m e  r e -  
g ion  0mi n -< O N - 0max, .  We s h a l l  c o n s t r u c t  the  a s s o c i a t e d  s y s t e m  of equa t i ons  for  Eqs .  (3), (4), and (8): 

Ax~ I 4 A.cM(O~-~__O~,-a~)p N ] 
A'~ a p~-k - ~  

2 h x  ~ + 2 4 x  2 
3 + Axa  3 + A'c~ 

p~--A~ - -  Bp~-az + 2 p~--a~ -- A x 2 
3 A~ca 

A x 2 
P'~ + 3a M (0~ -~:  - -  ~'~--A~:~. 

I:--A'~ n "~--AI: _ /  ~ T - - A ' ~ -  
Pn+l - - I J p n  r- Pn--1 

A x ~ 
A~a p~' n = 3 ,  4 . . . . .  N - - 2 ,  (9) 

A x 2 

-- q:- PN--'2 ATa 

and s h a l l  use  a g r a d i e n t  me thod ,  s i m i l a r  to tha t  in [10]. F o r  t h i s  p u r p o s e  we a s s i g n  s o m e  z e r o - o r d e r  a p -  
p r o x i m a t i o n  f o r  the  d e s i r e d  t e m p e r a t u r e  0{~)(T). Us ing  the i t e r a t i v e  m e t h o d  of Eqs .  (5) and (6b) to s o l v e  the  
s y s t e m  of equa t ions  (3), (4), and (8) f r o m  T = 0 to ~ = T,  we f ind and s t o r e  the  quan t i ty  Mt00(T ) --0*(T)] at  
s e v e r a l  t i m e  i n s t a n t s  T, and for  T = T we d e t e r m i n e  the func t iona l  F and pn(T) (n = 1, 2 . . . . .  N): 

iiii 
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Fig.  1. Solution of  an  i n v e r s e  hea t  conduct ion  p r o b -  
l em O(l, ~ for  a l i nea r  va r i a t i on  of  m e a s u r e d  t e m -  
p e r a t u r e  0 .  (0, 7) and hea t  flux �9 �9 = 0. 

N--, M 
F =  Z - - - ~  [0n(T) - 0* (T)]` '-{- -M~2 P ( T ) ,  

n=I 

(1o) 

p, ,  ( T )  = M , ,  [0, ,  (7") - -  O, ( T ) ] ,  P,v (7") = M vl (T), (11) 

w h e r e  Mn, M N a r e  a l so  weight ing coef f ic ien t s .  

With the end condi t ions  found at ~- = T for  Pn(T), by solving the a s s o c i a t e d  s y s t e m ,  Eq. ( 9 ) ,  f r o m  �9 =T ,  
~- = 0, us ing  an  i t e r a t i v e m e t h o d ,  we find pn(T), and a l so  0H/00  N = pN_l(T)a/Ax 2, and the m a x i m u m  of 0H 
/~0 N --- ~H0/00N, in absolute  magni tude.  Here  the i t e ra t ion  coef f ic ien t s  take  the va lues  

L~ X 2 

A'~ a 
2' 2 

1 
~2 - 2 ~ x ~ ' 

3 hTa 

- -  [p~ + ~ AT M (0~ -x:  ~ 0~ -a':) P1r 
3 

2 A x ~ 
3 + A~a 

" 9  

I 
[~+~ = , z.+~=[~n+t (C.z,~+F~), n = 2, 3 . . . . .  N ~ 2. 

B - -  C n [3r. 

w h e r e  C n and Fn~ a r e  d e t e r m i n e d  f r o m  Eqs.  (9), wr i t t en  in the f o r m :  

p~-t~T_ Rn~c-~_+_ c r,~;-,x,~-- �9 2, 3, N -  2. n + l  " ~ r " n  ~ n ~ r t - - I  ~ - -  F n ,  r t  = . . . ,  

The inve r se  i t e r a t ion  r e l a t i ons  a r e  

/~ X ~ 
zN-1 + ~ PTv-i 

p~v-~ ~ = 
- B - -  ~ N - ,  

p~-m ~ - ~ - ~  2, 3, N - -  2. n = ~ n + l  ~ ' n + l  "~- Z n + l '  • "~-  " ' "  

For  the next  i t e ra t ion  we a s s u m e  

0~+ l) (~) = 0(~) (x) - -~ t  (k) OH ('O/O0~v (12) 
] Ono/O o N [ 

and r epea t  the p r o c e s s  until we obtain the g iven  a c c u r a c y .  Here  #(k) is t he l eng th  of the g rad ien t  s tep,  as  
s igned ini t ia l ly  f r o m  phys ica l  cons ide ra t ions ,  and is changed dur ing  the i te ra t ion ,  depending on va r i a t ion  
of  the s ign of OH0/O0 N. If  ~H0/O0 N changes  s ign in the k - th  i te ra t ion ,  we take  #(k+l) = #(k) /2  for  "the next 
i t e ra t ion .  If  0H0/00 N r e t a i n s  its s ign for  s eve ra l  i t e ra t ions ,  we double ~(k) for  the next  i t e ra t ion .  By w a y  
of  example  we shal l  examine  solut ion of an IHCP with a l i nea r  law for  the va r i a t i on  of  m e a s u r e d  t e m p e r a -  
tu re :  
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= [ 2 2 0 - - z '  if 0.~'cff~'200, 
O, (z) [ 20 , if 200~x.%220 

and the following constants:  l = 0.02 m; a = 5.342 �9 10 -6 m2/see; M = 0.1; Mn = 0.01, M N = 0.1;/~(0) = 7; 
Ar  = 0.1; Ax = 5 �9 10 -4. Figure 1 shows the resul ts  of calculating the t empera tu re  variat ion of the inner 
wall surface by the above method (12 iterations).  The calculation was ca r r i ed  out with a p rogram writ ten 
for the M-20 machine. The initial approximation used was 6~)(T) = 0 . ( r ) .  Figure 1 shows that the solution 
0N(T 5 is quite monotonic. The calculated 0(0, 7) is in good agreement  with the given value 0 . ( r ) .  There is 
some discrepancy for small  values o f t ime  (up to 3~ due to the effect of indeterminacy in formulating the 
initial conditions 0(x, 0) (we assumed 0(x, 0) = 220~ 0 -< x -<15, and the finite rate of propagation of the 
heat wave due to the f ini te-difference method of computation. In this example we naturally consider the 
initial conditions to be free and we determine them from the condition that the functional (10) be minimized 
using the algori thm descr ibed in [10]. 

In conclusion the author expresses  his gra t i tude to A.S. Trof imov for his interest  and ass is tance  in 
the work. 
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NOTATION 

are  the heat t r ans fe r  coefficient,  thermal  diffusivity, and thermal  conductivity; 
a re  the heat fluxes at the inner and outer  plate surfaces;  
ts the plate tempera ture ;  
is the measured  outer temperature ;  
,s the desi red tempera ture  a t  the inner plate surface;  
Is the t ime,  sec; 
ts the fluid temperature ;  
ts the spatial coordinate; 
,s the plate thickness; 
is the pitch of mesh in time and space; 
ts the associa ted variable.  
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